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Abstract  13 
Probabilistic approaches provide a more realistic look into assessing structures under fire 14 

conditions and overcome some limitations observed in the more traditional (deterministic) 15 
approaches. These approaches have also been introduced to the fire engineering domain, 16 

e.g., fire probabilistic risk analysis and probabilistic structural fire engineering. In order to 17 
perform probabilistic-based analysis, temperature-dependent probabilistic models for 18 

material properties are needed. This paper presents a methodology to develop temperature-19 
dependent probabilistic models for the thermal and mechanical properties for commonly 20 

used construction materials, including normal-strength, high-strength, and high-21 
performance concrete and mild, high-strength, and cold-formed steels. The presented 22 
approach analyzes a comprehensive list of surveyed experimental data at different 23 

temperature groups, tests the goodness of fit for a number of distributions, and derives a 24 
continuous function to quantify temperature-dependent parameters of the distribution. In 25 

addition, the newly derived models are also compared against those adopted by fire codes, 26 
and standards and others derived using machine learning. The newly developed models 27 
will complement existing efforts to facilitate probabilistic performance-based structural 28 

fire engineering.  29 

Keywords: fire, probabilistic models, material properties, approach 30 

1. Introduction  31 
The structural assessment for buildings exposed to fire requires knowledge of fire 32 
characteristics, building layout, loading conditions, and properties of present construction 33 

materials [1]. While fire resistance evaluation primarily favors deterministic approaches to 34 
assess fire response of structural systems, temperature-dependent material models for 35 
properties of the different construction materials are not always available with high 36 
confidence. Codes, standards and reports, i.e., ASCE manual on structural fire protection 37 
[2], ACI guide [3], Eurocode 2, 2004 [4]  and Eurocode 3, 2005 [5], Harmathy [6], Bennetts 38 

[7], Schneider [8], and Anderberg [9], documented, surveyed, and discussed the 39 

mechanical and thermal properties of the different building materials. Models for the 40 

thermal and mechanical properties of some building materials at elevated temperatures can 41 

http://doi.org/10.1002/fam.3116
http://doi.org/10.1002/fam.3116
mailto:gkaraki@birzeit.edu
mailto:mznaser@clemson.edu
http://www.mznaser.com/


This is a preprint draft. The published article can be found at: http://doi.org/10.1002/fam.3116.   

Please cite this paper as:   

Karaki, G., Naser, M.Z. (2022). An approach for developing probabilistic models for temperature-dependent 

properties of construction materials from fire tests and small data. Fire and Materials. 

http://doi.org/10.1002/fam.3116.      

2 
 

be found in ASCE, 1992 [10], Eurocode 2, 2004 [4], and Eurocode 3, 2005 [5]. In general, 42 
these are developed as a function of temperature in the temperature range of (0 – 1000 oC). 43 
It should be noted that most of the codes and standards relationships for the thermal and 44 
mechanical properties at elevated temperatures present the averages of surveyed 45 

observations [3].  Furthermore, the material properties at elevated temperatures data are 46 
based on steady-state and transient state tests and sometimes a combination of both [11]. 47 
Most codes and standards, e.g., Eurocode 2, 2004 [4], offer no distinction between HSC 48 
and NSC in their fire design provisions and no specific information on whether the design 49 

rules were specified for concrete under service load [11]. Thus, engineers often utilize such 50 
material models adopted in fire codes and standards, which are developed using material 51 
tests undertaken in the late 1980s-2000s and belonged to varying testing procedures and 52 
different geographical regions [12]. Practically speaking, such models may prove outdated 53 

and could potentially and adversely affect the reliability of the fire structural capacity 54 

assessment.  55 

The open literature offers models for temperature-dependent properties of assumed typical 56 
construction materials, such as normal-strength concrete and steel [13,14]. A limited 57 

number of published works (e.g. [12,15–19] proposed temperature-dependent material 58 
models for modern materials used in the construction industry, e.g., high-strength concrete 59 

and high-strength steel. Much of the reviewed models were arrived at via small-scale 60 
material tests – often on a limited number of specimens and confined into a particular 61 

testing methodology [20].  62 

More recently, probabilistic approaches have been introduced to fire engineering, e.g., 63 
probabilistic fire risk analysis (PRA) and more extended probabilistic structural fire 64 
engineering (PSFE) [21].  The probabilistic analysis provides a more realistic look into the 65 

assessment of structures under fire conditions, and it aims to overcome some of the 66 
limitations observed in the more traditional (deterministic) approaches by including 67 

uncertainties stemming from the simplifications and assumptions used in systems analysis 68 
and design processes. Van Coile et al. [22] provide discussions and clarifications related to 69 
probabilistic risk assessment (PRA), which is usually used as a tool for performance-based 70 

design in fire safety engineering. Furthermore, the paper presents a hierarchy of the 71 
different acceptance concepts. Shrivastava et al. [23] adapted the Performance-Based 72 
Earthquake Engineering framework for application to structural fire engineering, which 73 
required identifying potential fire severity measures. The developed framework facilitates 74 

the evaluation of the damage probability or failure probability of a structure due to a 75 
probable fire hazard within the framework of PSFE. Gernay et al. [24] present frameworks 76 
for PSFE and development of fragility curves which are essential to evaluate the 77 

probabilistic vulnerability of structural members and systems exposed to fire scenarios. 78 
The techniques developed in this paper help establish reliability levels used to assess the 79 
resilience for the different fire scenarios. The probabilistic modeling and analysis 80 
frameworks and techniques require the inclusion of uncertainties. Such uncertainties can 81 

broadly be grouped under two categories: model and parameter (variable) uncertainties.  82 
 83 
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Model uncertainty is related to the mathematical model of the engineering problem, while 84 
parameter uncertainty is linked to uncertainty in variable estimates (which is tied to the 85 
amount and quality of collected information for the input variables [25]. Building on the 86 
motivation of this work, this study aims to examine the uncertainty in material models 87 

pertaining to material properties (i.e., falls within the category of variable uncertainty). 88 
Therefore, to include their uncertainties in assessing the structural capacities of fire-89 
damaged buildings, there is a need to derive temperature-dependent probabilistic models 90 
for temperature-dependent material properties.  91 

Some research works have explored the notion of uncertainty within the variables defining 92 
thermal and mechanical properties of typical construction materials (i.e., normal-strength 93 

concrete and mild steel) and thermal properties of insulating materials, e.g. [24,26–28]. 94 
However, a smaller number of research works derived temperature-dependent probabilistic 95 
models for the construction material properties. In one notable study, Khorasani et al. 96 
(2015) [29] developed probabilistic models for the mechanical properties of mild steel and 97 

the thermal properties for insulating materials using a Bayesian statistical approach. The 98 
mechanical properties of mild steel and normal-strength concrete were also examined by 99 

Qureshi et al. (2020) [30]. These researchers developed probabilistic temperature-100 
dependent material models using fitted continuous probability distribution functions. 101 

Furthermore, probabilistic models for the thermal properties for normal-strength concrete 102 
were developed by Jovanović et al. (2020) [31] and Karaki et al. (2021) [32]. 103 

In support of recent calls to adopt probabilistic approaches, this paper presents a 104 

methodology to develop temperature-dependent probabilistic models for material 105 
properties. In addition, this paper also provides probabilistic models for the properties of a 106 
variety of cementitious and metallic construction materials. These models were developed 107 

using a comprehensive list of surveyed experimental data for the thermal and mechanical 108 
properties of Normal-Strength Concrete (NSC), High-Strength Concrete (HSC), High-109 

Performance Concrete (HPC), Mild Steel (MS), High-Strength Steel (HSS), and Cold-110 
Formed Steel (CFS). The newly developed models will complement existing efforts to 111 
facilitate probabilistic performance-based structural fire engineering.  112 

2. Data collection of temperature-dependent material properties  113 

The properties of construction materials are usually tested using small-scale specimens, 114 
i.e., concrete cubes/cylinders of metal coupons. The tested specimens are heated uniformly 115 
to a specified temperature using furnaces or electric ovens and loaded until failure. The 116 
majority of the data surveyed were obtained from steady-state and transient tests1 and found 117 

in the following research works [33–71]. 118 

 
1 Noting that fire is a complex phenomenon that may not follow a pure steady state or transient nature, we 

opt to combine steady state and transient tests into one database. Future works can still apply our 

methodology toward exploring the influence of testing procedure on the developed material models. 

Additional details on our approach can be found in the Methodology section.  
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After examining the different publications on temperature-dependent material properties, 119 
it was observed that researchers were using different specimen sizes, boundary conditions, 120 
specified heating and cooling rates, and loading conditions. This reflects the lack of an 121 
international and well-established standardized procedure to test cementitious and metallic 122 

specimens to evaluate the temperature-dependent material properties [12,20,72,73]. A 123 
review of the experimental data on the behavior of construction materials can be found in 124 
multiple publications, e.g. [12,18,19,74–77]. 125 

3. Methodology for Development of Probabilistic Models:  126 

Probabilistic material models are continuous models that derive temperature-dependent 127 
functions for a set of parameters defining the fitted probability distribution functions. The 128 
methodology comprises the following steps. 129 

Survey and collect experimental data: for most of the material properties examined, a 130 
minimum of eight tests were collected and used to derive the probabilistic material models. 131 

Every test surveyed the related material property at target temperature points (i.e., 25, 100, 132 

200… 1000°C). All selected tests were mainly conducted within the last two decades and 133 

naturally varied by origin institutes and laboratories. The aforenoted “selection criteria” for 134 
the collected tests ensured that data used in deriving the probabilistic models represent 135 

current advances in construction material sciences, and reflect materials available in the 136 
market. This will yield relevant probabilistic models with a wide range of applications. 137 

Choose the family of distribution functions: the compiled data for mechanical and thermal 138 

properties contains property values for target (specific) temperatures in the range of 25, 139 
100, 200, 300 … 1000ºC. Every data set was fitted to basic distribution functions that are: 140 
1) commonly used, and 2) require a small number of parameters (with a maximum of two 141 

depending on the distribution function). Six distribution functions were tested for every 142 
property, namely: Normal, Lognormal, Logistic, Loglogistic, Birnbaum-Saunders, Weibull 143 

distributions.  144 

Check goodness of fit: generally speaking, the sample size of the available data sets is small 145 

(as noted in parallel works [12,18,19]); therefore, the goodness of fit would rely on a multi-146 
step assessment procedure where the available statistical tools were combined with the 147 

modeler’s judgment on available data. From this perspective, the best model is the one that 148 
delivers an acceptable description of the data while using a minimum number of parameters 149 
to yield a compact representation. The most popular penalized-likelihood criteria for model 150 
selection are the Akaike Information Criterion (AIC) and Bayesian Information Criterion 151 
(BIC), [78]. Despite the differences in their assumptions and theoretical background, their 152 

difference in practice is the size of the penalty on free parameters. BIC penalizes model 153 
complexity more than AIC, which means BIC and AIC disagree when AIC chooses a more 154 
complex model to describe the data. Furthermore, BIC is more consistent than AIC when 155 
data size is large [78,79]. As mentioned in the previous step, basic models with equal 156 

complexity were selected as candidate models. Building on the fact that the sizes of the 157 
surveyed data are small, the AIC criteria were chosen to check the goodness of fit for the 158 
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candidate models. AIC estimators indicate the model with the lowest expected information 159 
loss. Furthermore, to account for the effect of small data sizes on likelihood estimation, a 160 

corrected Akaike estimator (AICc) is often used, which adds the term (
2𝑉(𝑉+1)

(𝑛−𝑉−1)
) to penalize 161 

the small data size. AICc estimator is expressed in Eq. (1), 162 

𝐴𝐼𝐶𝑐 = −2log𝐿 + 2𝑉 +
2𝑉(𝑉+1)

(𝑛−𝑉−1)
            (1) 163 

where L is the maximum likelihood for the candidate model, V is the number of the model’s 164 
parameters, and n is the number of samples. 165 

The model with a smaller value of AICc is considered the one with the lowest information 166 
loss. However, AICc values can be transformed to conditional probabilities for each model; 167 
these probabilities are referred to as Akaike weights [79], Eq. (2). 168 

𝑤𝑖(𝐴𝐼𝐶𝑐) =
exp{−

1

2
∆𝑖(𝐴𝐼𝐶𝑐)}

∑ exp{−
1

2
∆𝑘(𝐴𝐼𝐶𝑐)}

𝐾
𝑘=1

           (2) 169 

where (AICc) is the difference between the AICc of the ith model and the minimum value 170 
of AICc for all candidate models, and K is the number of all candidate models. Akaike 171 

weight (wi) represents the probability that the ith model has the lowest information loss 172 
given the data, and the other candidate models examined [79]. The models with high values 173 

of Akaike weights are considered the best candidates to represent the data sets. The weights 174 
were used to select a subset from all model candidates for further examination. 175 

Develop continuous models for the parameters of selected probability distribution 176 

functions: Regression models are then used to derive a relation for the parameters defining 177 
the selected distribution functions as a continuous function of temperature. Scatter plots of 178 
distribution parameters were the initial tool to check the quality of the regression model 179 

and were used to avoid the overfitting of the data (variance). Furthermore, the coefficient 180 
of determination R2 was used to check the approximation quality and prevent underfitting 181 
the data (bias), Eq. (3). Other supplementary metrics (such as R) can also be used as per 182 

the modeler’s preference.  183 

𝑅2 = 1 −
𝑆𝑆𝑟𝑒𝑠

𝑆𝑆𝑡𝑜𝑡
                           (3) 184 

𝑆𝑆𝑟𝑒𝑠 = ∑ (𝑦𝑖 − 𝑓𝑖)
2𝑛

𝑖=1                        (3.a) 185 

𝑆𝑆𝑡𝑜𝑡 = ∑ (𝑦𝑖 − �̅�)2𝑛
𝑖=1                        (3.b) 186 

where yi is the data point, �̅� is the mean value of data points, and fi is the fitted data point. 187 

Generally, and given their simplicity, polynomial functions with first, second, and third 188 

orders were tested as candidates for the regression model. Higher-order polynomials were 189 
avoided as overfitting was noticed. Furthermore, a general flattening effect was apparent 190 

in the scatter plots of the data points for yield strength and modulus of elasticity of the 191 
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steel, which polynomial functions could not model. Therefore, an exponential function was 192 
introduced for their models to even the peaks of the polynomial function. 193 

Document the probabilistic model: A subset of the candidates to define the probabilistic 194 

models were selected following the goodness of fit for the distribution function and the 195 
regression models for distribution parameters. A final check for conditions on the values 196 
of the material properties (when required) was performed. For example, the data available 197 
for concrete strength is normalized by the strength at ambient temperature; thus, 198 

experimental data were positive values. The selected model needed to produce positive 199 
values. Furthermore, if the data sets prove to be too small to indicate the best fit for the 200 
candidate models, then a normal or lognormal distributions were chosen based on data 201 

points. The candidate from the subset with the best-fit estimators with realistic values for 202 
the material property was selected, visualized, and documented.  203 

4. Developed Models  204 

The methodology is illustrated in detail for the compressive strength of normal-strength 205 
concrete and modulus of elasticity of mild steel as dedicated examples.  Furthermore, the 206 
developed models for the thermal and mechanical material properties for Normal-Strength 207 

Concrete (NSC), High-Strength Concrete (HSC), High-Performance Concrete (HPC), 208 

Mild Steel (MS), High-Strength Steel (HSS), and Cold-Formed Steel (CFS) are presented 209 
in the following section. 210 

4.1 Implementation  211 

The data points for the material property were fitted at every temperature point to each one 212 

of the following distributions; Normal, Lognormal, Logistic, Loglogistic, Birnbaum-213 
Saunders, and Weibull. The AICc estimator of prediction error was calculated at every 214 
temperature point. An overall AICc measure for the candidate model was then calculated 215 

as the sum of AICc estimators at the examined temperatures, for which the Akaike weight 216 
was calculated. Akaike weight presents the conditional probability that the candidate model 217 

describes the data with the lowest data loss. Table 1 shows the results for fitting the data 218 

for the compressive strength of normal-strength concrete. A subset from candidate models 219 

was chosen based on the values of Akaike weights. Every subset contained two to three 220 
candidates’ models that had the relatively highest Akaike weights, with an assumed 0.2 221 
weight as a lower limit. Accordingly, from the six distribution functions, a subset of three 222 
distributions, i.e., Lognormal, Birnbaum-Saunders, and Loglogistic distributions, were 223 
selected to be further examined in the following step: modeling the distribution functions 224 

and regenerating the data points using the regression models. The model with the highest 225 
weight was tested first. If the regression models for the distribution variables were of 226 
relatively good quality and presented the original data, then this distribution and the 227 
regression models of its parameters were accepted and documented. Otherwise, the second-228 
best distribution was tested, and so forth.  229 

Table 1. The AICc estimators and Akaike weights for the fitted distribution functions of 230 
compressive strength for normal-strength concrete 231 
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Distribution AICi wi Distribution AICi wi 

Normal -207.91 0.12 Loglogistic -208.89 0.20 

Lognormal -209.83 0.31 Weibull -205.18 0.03 

Logistic -206.28 0.05 Birnbaum-

Saunders 

-209.66 0.29 

 232 

Following the above explanation, the lognormal distribution was examined first for the 233 

compressive strength of normal-strength concrete. This distribution is defined using two 234 

parameters; mean value () and standard deviation (). The distribution parameters-235 
temperature relationship was modeled using different degrees of polynomial functions. The 236 
coefficient of determination and scatter plots were used to assess the quality of the 237 

developed regression models. Eq. (4) describes the  and  values as a function of 238 
temperature.      239 

𝜇 = 0.0262 − 0.5103 ∙ 𝑇𝑠𝑡𝑑 + 1.3704 ∙ 𝑇𝑠𝑡𝑑
2 − 2.7088 ∙ 𝑇𝑠𝑡𝑑

3           (4a) 240 

𝜎 = 0.0650 − 0.1172 ∙ 𝑇𝑠𝑡𝑑 + 0.6207 ∙ 𝑇𝑠𝑡𝑑
2            (4b) 241 

Tstd is the standardized temperature, i.e. 𝑇𝑠𝑡𝑑 = (𝑇𝑖 − 𝑇𝑚𝑖𝑛) (𝑇𝑚𝑎𝑥 − 𝑇𝑚𝑖𝑛)⁄ , where Ti is 242 

the examined temperature point, Tmin is the minimum temperature in data set, and Tmax is 243 
the maximum temperature in the data set. By using the standardized temperatures’, the 244 
determination of regression coefficients was more stable. The coefficient of determination 245 

for the regression model of  is 0.99 and of  is 0.96.  246 

Fig.1 shows the distribution parameters with their approximated values, and Fig. 4(a) 247 
presents the 5%, 50% and 95% percentiles of the probabilistic models using the fitted 248 

distribution function and its modeled parameters.  249 

 250 

(a) Regression model for variable 1 -  251 
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 252 

(b) Regression model for variable 2 -  253 

Fig. 1. Models to predict the  (variable 1) and  (variable 2) for the lognormal 254 
distribution fit for the data of compressive strength of normal-strength concrete  255 

Another example for applying the methodology is developing a probabilistic model for the 256 
modulus of elasticity for mild steel. The AICc estimators and Akaike weights were 257 

calculated and presented in Table 2.   258 

Table 2. The AICc estimators and Akaike weights for the fitted distribution functions of 259 

modulus of elasticity for mild steel 260 

Distribution AICi wi Distribution AICi wi 

Normal -165.87 0.03 Loglogistic -163.75 0.01 

Lognormal -167.93 0.09 Weibull -171.02 0.54 

Logistic -161.49 0.01 Birnbaum-

Saunders 

-169.74 0.28 

The two candidate models for modulus of elasticity data were Weibull and Birnbaum-261 
Saunders distributions. A (scale factor) and B (shape factor) are the variables that define 262 

Weibull distribution, and they are positive numbers. The best-fit continuous functions for 263 
the shape factor, which had a coefficient of determination of 0.89, produced negative or 264 

very small values, Fig. 2(b), at temperatures 600oC, 700oC, 800oC, 900oC. 265 

 266 
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 267 

(a) Regression model for variable 1 – scale factor (A) 268 

 269 

(b) Regression model for variable 2 -shape factor (B) 270 

Fig. 2. Models to predict A (variable 1) with (R2 = 0.99) and B (variable 2) with (R2 = 271 

0.89) for the Weibull distribution fit for the data of modulus of elasticity of mild steel 272 

 273 

Therefore, the probabilistic model in Fig. 3(a) for the modulus of elasticity assuming that 274 

the data followed a Weibull distribution and using the developed models for its parameters 275 
failed to present the material property at these temperatures (i.e., 600oC, 700oC, 800oC, 276 
900oC).  277 
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 278 

(a) assuming that data points follow Weibull distribution 279 

 280 

(b) assuming that data points follow Birnbaum-Saunders distribution 281 

Fig. 3. Probabilistic model for modulus of elasticity for the mild steel 282 

 283 

Based on this, the second-best candidate, Birnbaum-Saunders distribution, was examined 284 

and accepted to model the modulus of elasticity. Eq. 5 documents the fit of the distribution 285 

parameters  (scale factor) and  (shape factor), and Fig. 3(b) shows the (5%, 50%, and 286 
95%) percentiles of the probabilistic model.  287 

𝛽 = −152.3789 + 153.3916 ∙ 𝑒𝑇𝑠𝑡𝑑 + 152.8007 ∙ 𝑇𝑠𝑡𝑑 − 74.4257 ∙ 𝑇𝑠𝑡𝑑
2 + 17.6276 ∙ 𝑇𝑠𝑡𝑑

3                   (5a) 288 

𝛾 = 0.0116 − 0.0527 ∙ 𝑇𝑠𝑡𝑑 + 0.9434 ∙ 𝑇𝑠𝑡𝑑
2                                          (5b) 289 

The aforenoted methodology was applied to develop probabilistic models for the thermal 290 
and mechanical properties for a collection of construction materials.  The followings are 291 
the developed models presented by the examined property.  292 

4.1.1 Compressive strength of concrete: 293 
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Table 3. Models for the variables defining the probabilistic models for the compressive 294 
strength of concrete 295 

Type Dist. Model R2 

NSC LogNorm. 𝜇 = 0.0262 − 0.5103 ∙ 𝑇𝑠𝑡𝑑 + 1.3704 ∙ 𝑇𝑠𝑡𝑑
2 − 2.7088 ∙ 𝑇𝑠𝑡𝑑

3  

𝜎 = 0.0650 − 0.1172 ∙ 𝑇𝑠𝑡𝑑 + 0.6207 ∙ 𝑇𝑠𝑡𝑑
2  

0.99 

0.96 

HSC Weibull 𝐴 = 1.000 + 0.0789 ∙ 𝑇𝑠𝑡𝑑 − 1.4130 ∙ 𝑇𝑠𝑡𝑑
2 + 0.4507 ∙ 𝑇𝑠𝑡𝑑

3  

𝐵 = 13.0241 − 29.5246 ∙ 𝑇𝑠𝑡𝑑 + 18.7818 ∙ 𝑇𝑠𝑡𝑑
2  

0.99 

0.79 

HPC LogNorm. 𝜇 = −0.0846 + 0.3258 ∙ 𝑇𝑠𝑡𝑑 − 1.8333 ∙ 𝑇𝑠𝑡𝑑
2  

𝜎 = 0.0931 + 0.2613 ∙ 𝑇𝑠𝑡𝑑 + 0.4448 ∙ 𝑇𝑠𝑡𝑑
2  

0.98 

0.99 

 296 

The developed probabilistic models are presented in Table 3, and Fig. 4 depicts the attained 297 
reduction factor for compressive strength. This factor is defined as the compressive 298 

strength at a target temperature normalized by the compressive strength at ambient 299 
temperature. The surveyed experimental data provides this factor at different temperatures. 300 

The variation of data points at ambient temperature was obtained from the probabilistic 301 
models offered by [80]. The median and the 5% and 95% percentiles of reduction factors 302 
are shown in Fig. 4. The data and the developed model suggest that the compressive 303 

strength of normal-strength concrete has a lower rate of strength loss when compared with 304 
high-strength concrete up to the temperatures 400-500oC. However, the strength loss rate 305 

was similar at higher temperatures (T>400oC). The leading cause of strength loss above 306 
400oC is the loss of bond between aggregate and cement paste and physio-chemical 307 

degradation induced by a rise in temperature, which is similar for both concrete [81]. In 308 
general, high-performance concrete shows the same behavior as high-strength concrete. 309 

However, a lower rate of strength loss above 400oC was observed; this may depend on the 310 
mixture characteristics used to enhance the performance of the concrete. 311 

 312 

(a) for NSC 313 
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 314 

(b) for HSC 315 

 316 

(c) for HPC 317 

Fig. 4. Probabilistic models for the compressive strength of concrete 318 

4.1.2 Modulus of elasticity of concrete  319 

The available data for the concrete modulus of elasticity is presented as a reduction factor. 320 

This reduction factor is the modulus of elasticity normalized by the modulus of elasticity 321 

at ambient temperature. The variation of data points at ambient temperature was obtained 322 
from the probabilistic models offered by [80]. The developed probabilistic models 323 
following the explained methodology are documented in Table 4 and Fig. 5. 324 

Table 4. Models for the variables defining the probabilistic models for the modulus of 325 
elasticity of concrete 326 

Type Dist. Model R2 

NSC Weibull 𝐴 = 1.0464 − 0.4376 ∙ 𝑇𝑠𝑡𝑑 − 1.6226 ∙ 𝑇𝑠𝑡𝑑
2 + 1.1464 ∙ 𝑇𝑠𝑡𝑑

3  

𝐵 = 9.2155 + 12.0703 ∙ 𝑇𝑠𝑡𝑑 − 57.4990 ∙ 𝑇𝑠𝑡𝑑
2 + 38.0620 ∙ 𝑇𝑠𝑡𝑑

3  

0.99 

0.78 

HSC LogNorm. 𝜇 = −0.0235 − 0.2987 ∙ 𝑇𝑠𝑡𝑑 − 2.5918 ∙ 𝑇𝑠𝑡𝑑
2 + 0.7048 ∙ 𝑇𝑠𝑡𝑑

3  

𝜎 = 0.1624 + 0.3306 ∙ 𝑇𝑠𝑡𝑑 + 0.2889 ∙ 𝑇𝑠𝑡𝑑
2  

0.99 

0.72 

HPC Weibull 𝐴 = 1.0726 − 0.8216 ∙ 𝑇𝑠𝑡𝑑 − 0.1858 ∙ 𝑇𝑠𝑡𝑑
2  

𝐵 = 10.2334 − 17.9296 ∙ 𝑇𝑠𝑡𝑑 + 8.6871 ∙ 𝑇𝑠𝑡𝑑
2  

0.99 

0.74 

 327 
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 328 

(a) for NSC 329 

 330 

(b) for HSC 331 

 332 

(c) for HPC 333 

Fig. 5. Probabilistic models for the modulus of elasticity of concrete 334 

After examining the data and developed models in Fig. 5, the degradation of the modulus 335 
was noticed to occur beyond the temperature of 100oC for normal and high-strength 336 

concrete. However, normal-strength concrete retains its modulus better than high-strength 337 
concrete at temperatures lower than 400oC. It was observed, from the data, a higher 338 
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variation of modulus values in high-strength and high-performance concrete within the 339 
temperature range [400oC - 600oC]. Furthermore, high-performance concrete showed a 340 
constant degradation rate in the modulus values. In general, the strength of concrete did 341 
not significantly affect modulus-temperature response. 342 

4.1.3 Thermal conductivity of concrete: 343 

Overall, the scatter in the data points of the thermal conductivity is higher for normal-344 

strength concrete, and this affected the quality of the regression model for one of the 345 

parameters defining the probabilistic model for the conductivity of normal-strength 346 

concrete, Table 5, and Fig. 6. 347 

Table 5. Models for the variables defining the probabilistic models for thermal conductivity 348 
of concrete 349 

Type Dist. Model R2 

NSC Weibull 𝐴 = 1.7106 − 1.5246 ∙ 𝑇𝑠𝑡𝑑 + 0.5222 ∙ 𝑇𝑠𝑡𝑑
2  

𝐵 = 4.8809 + 3.6512 ∙ 𝑇𝑠𝑡𝑑 − 6.8362 ∙ 𝑇𝑠𝑡𝑑
2  

0.98 

0.65 

HSC Normal 𝜇 = 2.9885 − 6.5231 ∙ 𝑇𝑠𝑡𝑑 + 9.5980 ∙ 𝑇𝑠𝑡𝑑
2 − 5.3069 ∙ 𝑇𝑠𝑡𝑑

3  

𝜎 = 0.3689 − 0.5716 ∙ 𝑇𝑠𝑡𝑑 + 0.4185 ∙ 𝑇𝑠𝑡𝑑
2  

0.98 

0.88 

 350 

The lower the mix water content and the denser the microstructure, the higher the 351 

conductivity of the hardened concrete; therefore, the conductivity at ambient temperature 352 
is higher for high-strength concrete, Fig. 6. In addition, the experimental data showed that 353 

the decrease of the thermal conductivity with temperature was higher for high-strength 354 
concrete than normal-strength concrete. These observations had been captured by the 355 
developed models, as shown in Fig. 6. 356 

 357 

(a) for NSC 358 
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 359 

(b) for HSC 360 

Fig. 6. Probabilistic models for the thermal conductivity of concrete 361 

4.1.4 Specific heat of concrete: 362 

The developed probabilistic models for the specific heat of concrete are presented in Table 363 

6. The coefficient of determination for the standard deviation of lognormal distribution 364 
used in the probabilistic model for the specific heat of normal-strength concrete was low. 365 

This is due to the sudden sharp increase in the specific heat at 700oC stemming from 366 
exothermic reactions at the microstructure level often captured by some material models. 367 

The developed model predicts a slight rise at 700oC and captures a decrease in specific heat 368 
above this temperature. However, fire codes such as Eurocode 2 and the probabilistic 369 

model do not capture this sudden increase (see Fig. 7).  370 

Table 6. Models for the variables defining the probabilistic models for the specific heat of 371 
concrete 372 

Type Dist. Model R2 

NSC LogNorm. 𝜇 = 6.0345 + 1.1756 ∙ 𝑇𝑠𝑡𝑑 − 0.2906 ∙ 𝑇𝑠𝑡𝑑
2  

𝜎 = 0.3894 + 0.5245 ∙ 𝑇𝑠𝑡𝑑 − 0.6485 ∙ 𝑇𝑠𝑡𝑑
2  

0.93 

0.15 

HSC LogNorm. 𝜇 = 3.4580 − 15.7711 ∙ 𝑇𝑠𝑡𝑑 + 25.9841 ∙ 𝑇𝑠𝑡𝑑
2 − 13.1054 ∙ 𝑇𝑠𝑡𝑑

3  

𝜎 = 0.1087 − 0.3441 ∙ 𝑇𝑠𝑡𝑑 + 0.5616 ∙ 𝑇𝑠𝑡𝑑
2  

0.85 

0.95 

 373 

In general, the experimental data for normal-strength concrete and high-strength concrete 374 
showed that the specific heat increases as temperature increases. For normal-strength 375 
concrete, a sharp rise was observed at 700oC as explained earlier; and for high-strength 376 
concrete rises and drops were observed at multiple temperatures; a rise was noticed at 377 

100oC, a drop was seen at 400oC (decrease), and a sharp rise was noticed at 700oC (see Fig. 378 
7). Naus  (2010) [81] reviewed concrete behavior and documented that the vaporization of 379 
free water happens at about 100oC, the dissociation of Ca(OH)2 happens at about 400oC - 380 
500oC, and the alpha-beta quartz transformation in some aggregates at high temperatures. 381 

These may explain these rises and drops in the specific heat values. The behavior, in 382 
general, was depicted in the developed probabilistic models, as noted in Fig. 7. 383 
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 384 

(a) for NSC 385 

 386 

(b) HSC 387 

Fig. 7. Probabilistic models for the specific heat of concrete 388 

 389 

4.1.5 Yield strength of steel: 390 

The experimental data for the yield strength was obtained as reduction factors. The 391 
variability in the data points at ambient temperature was obtained from [82]. In general, 392 
the variation in the steel data is less than that of the concrete, reflecting the homogenous 393 
nature of steel as opposed to concrete. Following the data for mild steel (MS) and high-394 

strength steel, the yield strength’s apparent loss starts at temperatures exceeding 300oC, 395 
Fig. 8, which the model described in Table 7 depicts.  396 

 397 

 398 

 399 

 400 
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Table 7. Models for the variables defining the probabilistic models for the yield strength 401 
of steel  402 

Type Dist. Model R2 

MS Weibull 𝐴 = −313.6871 + 314.7100 ∙ 𝑒𝑇𝑠𝑡𝑑 + 313.7510 ∙ 𝑇𝑠𝑡𝑑
− 151.1840 ∙ 𝑇𝑠𝑡𝑑

2 + 35.4004 ∙ 𝑇𝑠𝑡𝑑
3  

𝐵 = 28.8804 − 65.9409 ∙ 𝑇𝑠𝑡𝑑 + 40.8658 ∙ 𝑇𝑠𝑡𝑑
2  

0.99 

 

0.87 

HSS Weibull 𝐴 = −261.9452 + 262.9604 ∙ 𝑒𝑇𝑠𝑡𝑑 + 262.4889 ∙ 𝑇𝑠𝑡𝑑
− 127.8017 ∙ 𝑇𝑠𝑡𝑑

2 + 30.5845 ∙ 𝑇𝑠𝑡𝑑
3  

𝐵 = 27.2539 − 85.5850 ∙ 𝑇𝑠𝑡𝑑 + 93.7015 ∙ 𝑇𝑠𝑡𝑑
2 − 33.0861

∙ 𝑇𝑠𝑡𝑑
3  

0.99 

 

0.95 

CFS Weibull 𝐴 = −83.0998 + 84.0975 ∙ 𝑒𝑇𝑠𝑡𝑑 + 84.2817 ∙ 𝑇𝑠𝑡𝑑 − 43.8306
∙ 𝑇𝑠𝑡𝑑

2 + 11.7404 ∙ 𝑇𝑠𝑡𝑑
3  

𝐵 = −6.7527 ∙ 103 + 6.8234 ∙ 103 ∙ 𝑒𝑇𝑠𝑡𝑑 + 6.4732 ∙ 103 ∙ 𝑇𝑠𝑡𝑑
− 2.7265 ∙ 103 ∙ 𝑇𝑠𝑡𝑑

2 + 498.9117 ∙ 𝑇𝑠𝑡𝑑
3  

0.99 

 

 

0.94 

 403 

Based on the models in Fig. 8, MS had a reduction factor of 0.91, 0.48, 0.08 at 300oC, 404 
600oC, and 800oC, respectively. HSS had a reduction factor of 0.90, 0.42, 0.06 at the same 405 
temperatures, whereas CFS had reduction factors of 0.85, 0.34, 0.06. Therefore, the yield 406 

strength slightly depends on the type of material. Furthermore, high-strength and cold-407 

formed steel had higher loss rates than mild steel.  408 

 409 

(a) For MS 410 

 411 
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(b) HSS 412 

 413 

(c) CFS 414 

Fig. 8. Probabilistic models for the yield strength of steel 415 

4.1.6 Modulus of elasticity of steel:  416 

After examining the data for the reduction factor of yield strength and modulus of elasticity, 417 
as can be seen in Fig. 8 and Fig. 9, it can be noticed that the variation in the data points is 418 

more significant at temperatures 400oC, 500oC, and 600oC. Furthermore, the variability in 419 
the data points at ambient temperature was obtained from [82]. The developed probabilistic 420 
models are described in Table 8, and they capture this variation dependency on the 421 

temperature.  422 

Table 8. Models for the variables defining the probabilistic models for the modulus of 423 
elasticity of steel  424 

Type Dist. Model R2 

MS Birnbaum-

Saunders 
𝛽 = −152.3789 + 153.3916 ∙ 𝑒𝑇𝑠𝑡𝑑 + 152.8007 ∙ 𝑇𝑠𝑡𝑑

− 74.4257 ∙ 𝑇𝑠𝑡𝑑
2 + 17.6276 ∙ 𝑇𝑠𝑡𝑑

3  

𝛾 = 0.0116 − 0.0527 ∙ 𝑇𝑠𝑡𝑑 + 0.9434 ∙ 𝑇𝑠𝑡𝑑
2  

0.99 

 

0.92 

HSS Weibull 𝐴 = −127.4544 + 128.4695 ∙ 𝑒𝑇𝑠𝑡𝑑 + 128.3550 ∙ 𝑇𝑠𝑡𝑑
− 63.9892 ∙ 𝑇𝑠𝑡𝑑

2 + 15.8965 ∙ 𝑇𝑠𝑡𝑑
3  

𝐵 = 36.8780 − 132.8149 ∙ 𝑇𝑠𝑡𝑑 + 161.8747 ∙ 𝑇𝑠𝑡𝑑
2 − 61.2240

∙ 𝑇𝑠𝑡𝑑
3  

0.99 

 

0.98 

CFS LogNorm. 𝜇 = 3.6773 − 3.6953 ∙ 𝑒𝑇𝑠𝑡𝑑 − 2.9402 ∙ 𝑇𝑠𝑡𝑑 − 3.7561 ∙ 𝑇𝑠𝑡𝑑
2

+ 0.9260 ∙ 𝑇𝑠𝑡𝑑
3  

𝜎 = 0.0225 + 0.2367 ∙ 𝑇𝑠𝑡𝑑 + 0.3619 ∙ 𝑇𝑠𝑡𝑑
2  

0.99 

 

0.57 

 425 

As one examines Fig. 9, the modulus of elasticity for mild steel undergoes a lower loss 426 
than high-strength steel and cold-formed steel. 427 
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 428 

(a) for MS 429 

 430 

(b) for HSS 431 

 432 

(c) for CFS 433 

Fig. 9. Probabilistic models for the modulus of elasticity of steel   434 

4.1.7 Thermal conductivity of steel: 435 

The probabilistic models for the thermal conductivity of steel are described in Table 9 and 436 
depicted in Fig. 10. The number of data points is small for high-strength concrete, which 437 
affects the choice of the distribution function used in the probabilistic model. Normal 438 

http://doi.org/10.1002/fam.3116
http://doi.org/10.1002/fam.3116


This is a preprint draft. The published article can be found at: http://doi.org/10.1002/fam.3116.   

Please cite this paper as:   

Karaki, G., Naser, M.Z. (2022). An approach for developing probabilistic models for temperature-dependent 

properties of construction materials from fire tests and small data. Fire and Materials. 

http://doi.org/10.1002/fam.3116.      

20 
 

distribution was chosen, and consequently, the quality of the fit was affected by this choice 439 
and the limited number of data points. It can be seen from Fig. 10 that thermal conductivity 440 
decreases with temperature for the mild steel and high-strength steel. Furthermore, the 441 
decrease is higher in mild steel, but one must keep in mind that the data of high-strength 442 

steel is much-limited opposite to mild steel. 443 

Table 9. Models for the variables defining the probabilistic models for thermal conductivity 444 
of steel 445 

Type Dist. Model R2 

MS LogNorm. 𝜇 = 3.9373 − 0.6906 ∙ 𝑇𝑠𝑡𝑑 + 0.1568 ∙ 𝑇𝑠𝑡𝑑
2  

𝜎 = 0.0408 + 0.1664 ∙ 𝑇𝑠𝑡𝑑 − 0.0182 ∙ 𝑇𝑠𝑡𝑑
2  

0.99 

0.91 

HSS Norm 𝜇 = 34.5748 − 1.9970 ∙ 𝑇𝑠𝑡𝑑 − 0.8403 ∙ 𝑇𝑠𝑡𝑑
2  

𝜎 = 3.0993 + 0.3630 ∙ 𝑇𝑠𝑡𝑑 

0.72 

-- 

 446 

 447 

(a) for MS 448 

 449 

(b) for HSS 450 

Fig. 10. Probabilistic models for thermal conductivity of steel 451 

4.1.8 Specific heat of steel: 452 
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The data points for mild and high-strength steel’s specific heat were examined. The number 453 
of data points for high-strength steel is also small, affecting the distribution function's 454 
choice. A lognormal distribution is chosen for the probabilistic model for high-strength 455 
steel. Table 10 presents the probabilistic model for the specific heat, and the models are 456 

depicted in Fig. 11.  457 

Table 10. Models for the variables defining the probabilistic models for the specific heat 458 
of steel  459 

Type Dist. Model R2 

MS LogNorm. 𝜇 = 6.1412 + 0.0199 ∙ 𝑇𝑠𝑡𝑑 + 3.1816 ∙ 𝑇𝑠𝑡𝑑
2 − 2.9890 ∙ 𝑇𝑠𝑡𝑑

3  

𝜎 = 0.0602 + 0.0336 ∙ 𝑇𝑠𝑡𝑑 + 0.4454 ∙ 𝑇𝑠𝑡𝑑
2 − 0.4799 ∙ 𝑇𝑠𝑡𝑑

3  
0.83 

0.87 

HSS LogNorm. 𝜇 = 5.9713 + 1.9821 ∙ 𝑇𝑠𝑡𝑑 − 8.9057 ∙ 𝑇𝑠𝑡𝑑
2 + 16.5952 ∙ 𝑇𝑠𝑡𝑑

3

− 8.7918 ∙ 𝑇𝑠𝑡𝑑
4  

𝜎 = 0.0713 + 0.1769 ∙ 𝑇𝑠𝑡𝑑 − 0.1645 ∙ 𝑇𝑠𝑡𝑑
2  

0.97 

 

-- 

 460 

Fig. 11 depicts that specific heat increases with temperature. Following the data of mild 461 

steel, a peak is noticed at 700oC. The same observation is noticed for high-strength steel. 462 
The probabilistic model predicts this behavior for mild- and high-strength steel. However, 463 

only two data points were available for high-strength steel to model its behavior above 464 

700oC. 465 

 466 

 467 

 468 

 469 

 470 

 471 

 472 

 473 

 474 
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 475 

(a) for MS 476 

 477 

(b) for HSS 478 

Fig. 11. Probabilistic models for specific heat of steel 479 

4.2 Practical Applications of Developed Models  480 

Closed-form equations are determined for the distribution parameters of material properties 481 

as a function of temperature. During the probabilistic analysis, the temperature-dependent 482 

distribution parameters are evaluated, and probability distribution functions are created. A 483 
user-input percentile is used to obtain a point on the created probability distribution 484 
function and used in the thermo-mechanical analysis of the structural element. The derived 485 
relationships for the material properties at elevated temperatures are valid in the 486 

temperature ranges covered by the surveyed experimental data. Furthermore, their 487 
development framework is flexible in that new test data can be added, and the validity of 488 
the developed material models can be constantly extended. 489 

 4.3 Model Comparisons 490 

The models developed in this paper are compared with models developed by [18,19]. The 491 
methodology in [18,19] used artificial neural networks to describe the data, whereas, in 492 

this study, the data is fitted using a probabilistic approach, as explained earlier. Fig. 12 493 
presents the 50% percentile of the developed probabilistic models (Prop. Model) and the 494 
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Artificial Neural Network-based models (ANN model) for NSC and HSC; Fig. 13 presents 495 
the 50% percentile of the developed probabilistic models (Prop. Model) and the Artificial 496 
Neural Network-based models (ANN model) for MS and HSS. The material types that had 497 
enough data points to develop temperature-dependent material models for all the 498 

considered thermal and mechanical properties are used in this comparison. Furthermore, 499 
the material models of ASCE, 1992 [10], Eurocode 2, 2004 [4], and Eurocode 3, 2005 [5] 500 
with the mean value of the experimental data are presented in Fig. 12 and Fig. 13. Since 501 
most material models in the fire standards are based on averages of experimental data for 502 

NSC and MS, it can be seen that there is a general agreement between the different models 503 
for most NSC and MS material properties, Fig. 12 and Fig. 13. 504 
It should be noted that the approach to derive Prop. model examines different probability 505 
distribution functions for the data modeling, and both Prob. and ANN models are 506 

developed using more recent experimental data sets than standards and codes. Moreover, 507 

it is noticed from the experimental data and the derived models that the strength of the 508 
material has a significant effect on the material properties, i.e., strength/yield, conductivity, 509 
and specific heat. For example, the compact microstructure of HSC does not allow moisture 510 

to escape. This causes a buildup in the pore pressure, which accelerates the development 511 
of microcracks and, consequently, causes the loss of strength. This faster deterioration of 512 

strength in HSC is depicted in the derived models, Fig. 12(a). Furthermore, the thermal 513 

conductivity of HSC is expected to be higher than that of NSC due to the different types of 514 

binders used in HSC and its low water-to-cement ratio, and this behavior is captured in the 515 
developed models in Fig. 12(c). High-strength steels are made by adding different types of 516 

alloys that affect the fire resistance property of steel [46]; the experimental data and 517 
developed models in Fig. 13 indicate such changes in material behavior at elevated 518 
temperatures. The observations above support the need to derive generalized and 519 

probabilistic material models for the more modern construction materials that vary in 520 
strength and type. 521 

 522 

(a) Reduction factor for compressive strength 523 
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 524 

(b) Reduction factor for modulus of elasticity 525 

 526 

(c) Thermal conductivity 527 

 528 

(d) Specific Heat 529 

Fig. 12: Model comparison for the thermal and mechanical properties of concrete 530 
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 532 

(a) Reduction factor for yield strength 533 

 534 

(b) Reduction factor for modulus of elasticity 535 

 536 

(c) Thermal conductivity 537 
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 538 

(d) Specific heat 539 

Fig. 13: Model comparison for the thermal and mechanical properties of steel 540 

5. Conclusions  541 

The examined material properties are temperature-dependent, and the experimental data 542 

show a large variability for their values. Therefore, there is a need for probabilistic models 543 
to quantify the observed scatter in data at elevated temperatures. The availability of 544 

probabilistic material models in structural fire engineering facilitates probabilistic 545 
performance-based fire engineering and allows a detailed evaluation of structural fire 546 

reliability. This study presents a methodology to develop temperature-dependent 547 
probabilistic material models. The approach analyzes a comprehensive list of surveyed 548 

experimental data at different temperature groups, tests the goodness of fit for a number of 549 
distributions, and derives continuous functions to quantify temperature-dependent 550 
parameters of the fitted distribution functions. The paper provides probabilistic models for 551 

the thermal and mechanical properties for normal-strength, high-strength, and high-552 
performance concrete and mild, high-strength, and cold-formed steels. Furthermore, the 553 

50% percentile of developed probabilistic models were compared with ANN developed 554 
models for the concrete and steel temperature-dependent material properties; both models 555 

showed a general agreement. The proposed models to quantify uncertainties in concrete 556 
and steel temperature-dependent material properties can be used to complete the reliability 557 

analysis, derive safety factors and perform sensitivity analysis for the fire design of 558 
buildings. 559 

Appendix 560 

A sample code in MATLAB to create the data points for the material properties using the 561 
developed probabilistic models. 562 

% Creation of material property data points for a probabilistic study  563 
% Sample code Matlab  564 
  565 
%% candidate distributions  566 
Distributions={'Birnbaumsaunders' 'loglogistic' 'logistic' ... 567 
     'lognormal' 'Normal' 'Weibull'}; 568 
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DistVar1={'pd.beta' 'pd.mu' 'pd.mu' ... 569 
    'pd.mu' 'pd.mu' 'pd.A'}; 570 
DistVar2={'pd.gamma' 'pd.sigma' 'pd.sigma'... 571 
     'pd.sigma' 'pd.sigma' 'pd.B'}; 572 
  573 
%% Example: create probabilistic model for compressive strength of 574 
normal strength concrete 575 
j=4; % follwoing the output of the study - best fit is the lognormal 576 
distribution  577 
%% Regression models  578 
% a are regression coefficients provided in the study for the first 579 
variable defining distribution function   580 
% b are regression coefficients provided in the study for the second 581 
variable defining distribution function   582 
a=[0.0262 -0.5103 1.3704 -2.7088]'; 583 
b=[0.065 -0.1172 0.6207]'; 584 
% Regression terms, these changes following terms given in the study  585 
% T is the array of examined temperatures   586 
T=[25 100 200 300 400 500 600 700 800]; 587 
Tstd = (T - min(T))/(max(T)-min(T)); 588 
Xa = [ones(size(Tstd))' (Tstd.^1)' (Tstd.^2)' (Tstd.^3)']; 589 
Xb = [ones(size(Tstd))' (Tstd.^1)' (Tstd.^2)' ]; 590 
% Approximated distribution parameters for examined temperatures   591 
var1=Xa*a; var2=Xb*b; 592 
  593 
%% Realization of samples of the examined property using the derived 594 
model  595 
NumSamples=10000; 596 
  597 
for i=1:size(T,2) 598 
    PropData(:,i)= 599 
random(Distributions{j},var1(i),var2(i),NumSamples,1); 600 
end 601 
  602 
PropData50=quantile(PropData,0.5,1); 603 

 604 

Data Availability 605 
Data, models, or code that support the findings of this study are available from the 606 
corresponding author upon reasonable request.  607 
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